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Wave Operators for Schrodinger Operators 
with Threshold Singuralities, Revisited 

K. Yajima* 


Abstract 

The continuity property in the Sobolev space of wave op¬ 

erators of scattering theory for m-dimensional single-body Schrodinger 
operator is considered when the resolvent of the operator has singu¬ 
larities at the bottom of the continuous spectrum. It is shown that 
they are continuous in 0 < /c < 2 for 1 < p < 3 but not for 

p > 3 if m = 3 and, for 1 < p < m/2 but not for p > m/2 if m > 5. 
This extends downward the previously known interval of p for the con¬ 
tinuity, 3/2 < p < 3 for m = 3 and m/{m — 2) < p < m/2 for m > 5. 
The formula which represents the integral kernel of the resolvent of 
the even dimensional free Schodinger operator as the superposition 
of exponential-polynomial like functions substantially simplifies the 
proof of the previous paper when m > 6 is even. 


1 Introduction 

Let Hq = —A be the free Schrodinger operator with natural domain D{Hq) = 
p^ 2 (]^m) = Hq + V{x) with real V(x) such that 

\V{x)\ < C{x)~^ for some 5 > 2, (x) = (1-|- |x |^)2 . (1.1) 

We write 1-L = and H^{W^) = {u e T-L: d°‘u ^ T-L, |a| < s} is the 

Sobolev space, s > 0 being an integer. Then, H is selfadjoint in "H with a core 
and it satishes the following properties (see e.g. [HI[HIHTJ[T5[ITU]): 

(i) The spectrum u{H) of H consists of the absolutely continuous (AC for 
short) part [0, 00 ) and a hnite number of non-positive eigenvalues {A^} 
of hnite multiplicities. The singular continuous spectrum and positive 
eigenvalues are absent from H. 
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We write 'Haci.H) for the AC spectral subspace of 1-i for H and Pac{H) is the 
orthogonal projections onto 1-iaci.H). 

(ii) Wave operators W± dehned by strong limits 

W±u= lim ueU (1.2) 

exist and are complete: Image Wj- = l-LaciH). They are unitary from 
l-L onto TiaciH) and intertwine Hac and Hq: For Borel functions /, 

f{H)PUH) = W±f{Ho)Wl. (1.3) 


If follows that various mapping properties of f{H)Pac may be deduced from 
those of fiHo) if the corresponding ones of W± are known. In particular, if 

e B{LP(R^)) for p e [pi,p 2 ], (1.4) 

then e B(L'?(M™')) for q G [q 2 , qi], l/pj + l/qj = 1, j = 1, 2, and 

< C„||/(i/„)||B(l.,L.), (1.5) 


for these p and q with a constant Cpq which is independent of /. Here 
f{Ho) is a Fourier multiplier by and its mapping properties should be 
much easier to investigate than those of f{H)Pac{H). We dehne the Fourier 
transform u{^) = Pu{f) and the conjugate one P*u{f) by 


Pu{f) = f e '‘^^u{x)dx and P*u{f) 
Jr™ 


1 

(27r)"* 



e^^^u{x)dx 


respectively. The intertwining property fll.3p may be made more precise: 
Wave operators W± are transplantations (120]) of the complete set of (gen¬ 
eralized) eigenfunctions {e“^: f G M™} of —A by those of out-going and 
in-coming scattering eigenfunctions {(p±(x, ^): f G M™} of FT = —A -|- V 

my- 

W±u{x) = PlPu{x) = [ ip±{x,f)u{f)df, 

where P± and are the generalized Fourier transforms associated with 
{(p±(x, ^): f G M™'} and the conjugate ones respectively dehned by 

1 

7r)m 


q^±{x,f)u{x)dx. 


J^±u{0= (p±{x,f)u{x)dx, P±u{f) = — 

jRd [2 


They satisfy the inversion formulas: P^P±u = u for u G 'HiH) . It follows 
for multiplication operators Mp with Borel functions F{^) on that 


F{D±) = PIMfP±u = W±F{D)Wlu, u G Uac^H) 
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and the estimate fll.Sp remains valid when f{H) and f{Ho) are replaced by 
F(D±) and F{D). 

In this paper we are interested in the problem that nnder what conditions 
W± are bonnded in which almost automatically implies that they 

are bonnded also in < k <2 (see below). 

There is now a snbstantial literatnre on this problem ([U El El El El EH 
E7] I and it is known that the answer depends on the spectral properties of 
H at the bottom of the AC spectrnm of H. We define 

£ = (-A + I/)m = 0}, (1.6) 


the eigenspace of H associated with the eigenvalne 0 and 

M={ue {xYL^{W^) : (1 + (-A)-V)n = 0} = 0. 


(1.7) 


The space M is independent of 1/2 < s < 5 — 1/2 and £ C M ([IQ]). The 
operator H is said be of generic type ii M = {0} and of exceptional type 
otherwise. When H is of generic type, we have rather satisfactory resnlts 
(thongh there is mnch space for improvement in the condition on V) and 
it has been proved that W± are bonnded in L^(M’") for all 1 < p < cx3 if 
m > 3 and, for all 1 < p < cxd if m = 1 and m = 2 nnder varions smoothness 
and decay at infinity assnmptions on V (see [1] for the best resnlt when 
m = 3); bnt they are in general not bonnded in L^(M^) or when 

m = 1 ([22]). When H is of exceptional type, it is long known that the same 
resnlts hold when m = 1 (see [EIEIE]), however, we still poorly nnderstand 
the problem when m > 2. It is proved that W± are bonnded in Lp(M™') 
for p G {m/{m — 2),m/2) when m > 5 and for 3/2 < p < 3 when m = 3 
(13 EZ], see also [m for a partial resnlt for m = 4) bnt nothing more to the 
best knowledge of the anthor. The pnrpose of this paper is to improve this 
sitnation by proving that W± are actnally bonnded in Lp(M™') for a wider 
range of p’s when m = 3 and m > 5. The cases m = 2,4 and the end point 
problem are left for fntnre investigation. 

Thronghont the paper, we assnme that V is real measnrable fnnction 
which satisfies the following conditions, where m* = (m — l)/(m — 2) and 
C > 0 and £ > 0 are constants: 


F^xY^'V) G L™'* for some a > 1/m*. 


\V{x)\<C{x)-\ 7 


m + 4 + e, if 3 < m < 7, 

m + 3 + e ifm>8. 


Note that the condition fll.Sp reqnires certain smoothness for V. 


( 1 . 8 ) 

(1.9) 
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Theorem 1.1. Let m > 3. Suppose that V satisfy fll.Sp and fll.9p and that 
H is of exceptional type. Then: 


(1) For any 0 < k < 2 and p such that 


1 < p < 3, if m = 3, 
1 < p < m/2, if m > 5 


\\W±u\\wk.p < Cp\\u\\wk.p, u e n (1.10) 


(2) If m = 3 and p > 3 or if m > 5 and p > m/2, then W± ^ B(Lp(M"*)). 

We should emphasize that we have no results for p at the end points of 
the intervals and that the problem is completely open when m = 2,4. 

The rest of the paper is devoted to the proof of Theorem 11.11 We shall 
be concentrated in the proof of statement (1) because the second statement 
is contained in the result of Murata (CH!, Theorem 1.2) which implies in 
particular that there exists a n G C'“(M™') such that 

lim ||e“**'^Pac(hf)'w||p = oo (l-H) 

t^OO 

for any p > 3 if m = 3 and for any p G {m/2, oo) if m > 5, which contradicts 
with fll.lOp which would imply 

\\e-^^^Pac{H)u\\p < cr(^-p) \\u\\p,, (1.12) 

for the dual exponent p' of p by virtue of the well known L^-L'^ estimate for 
the free propagator and the intertwing property fll.3|) . We also remark 

that statement (1) of the theorem follows if we prove 

\\W±u\\lp < Cp\\u\\lp, u G C^{W^). (1.13) 

In fact the norms \\{Hq + c^)u\\lp and ||u||iy 2 .p are equivalent for any 1 < p < 
oo and c > 0 via the Riesz transform and \\{H + c^)u\\p and \\{Hq + c^)u\\p 
are also equivalent for sufficiently large c > 0 since we have {H + V + c^) = 
(1 + V{Ho + c^)~^){Ho + c^) and (1 + V{Ho + c^)~^) is an isomorphism of 
LP(M™'). Thus, the intertwining property and fll.l3p imply 

\\W±u\\w^.p <C\\{H + z)W±u\\lp = \\W±{Ho + z)u\\lp 

< Cp\\{Ho + i)u\\lp < C\\u\\w2.P, C^{Rn, ( 1 - 14 ) 

and the estimate fll.lUp for k = 1 then follows by interpolation. Thus, we 
shall be devoted in what follows to proving 01.131) . the L^-boundedness of 
W±. 
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We use the following notation and conventions: 

f<\.\g means |/| < \g\. 

For functions u and v, whenever u{x)v{x) is integrable we write 

{u,v) = / u{x)v{x)dx. 

We use this notation when n is in a certain function space and u is in its dual 
space. The rank 1 operator 0 i—)■ {v, (j))u is interchangeably denoted by 

|n)(n| = u®v. 

For Banach spaces X and Y, B(X, Y) is the Banach space of bounded oper¬ 
ators from X toY and B(X) = B(X, X). Boo(W, Y) and Boo(W) are spaces 
of compact operators. The identity operators in various Banach spaces are 
indistinguishably denoted by 1. For 1 < p < oo, ||m||p = ||m||lp is the norm 
of the Lebesgue spaces When p = 2, we often omit p and write ||m|| 

for ||m|| 2 - For s G M, 

Li = {x)~"L^ = (xf'dx), 

are the weighted spaces and Sobolev spaces. The space of rapidly decreas¬ 
ing functions is denoted by 

We denote the resolvents of H and Hq respectively by 

R{z) = {H- z)-\ Ro{z) = {Ho - z)-\ 

We parameterize 2 ; G C \ [0, 00 ) as by A G C"*" = { 2 ; G C : 0^2; > 0} 

so that the boundaries {A: ± A G (0, cxo)} are mapped onto the upper and 
lower edge of the positive half line { 2 ; G C: 2 ; > 0}. We define 

G{X) = R{X^), Go(A) = i?o(A"), A G C+. 

These are B('H)-valued meromorphic functions of A G C"*" and the limiting 
absorption principle [U] (LAP for short) asserts that, when considered as 
B((a:)~^L^, (x)~*L^)-valued functions, s,f > A and s -|- f > 2, Go(-^) has the 

locally Holder continuous extensions to its closure = { 2 ; : Az > 0}. The 
same is true also for G(A), but, if H is of exceptional type, it has singularities 
at A = 0. In what follows is the branch of square root of z cut along the 
negative real axis such that z^ > 0 when z > 0. We assume m > 3 in what 
follows. 

Acknowledgement The part of this work was carried out while the 
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Jensen, Jacob Schach Moeller and Erik Skibsted in particular. 
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2 Reduction to the low energy analysis 

We study W- only and denote it by W for simplicity. When u G 
s > 1/2, we may represent Wu as the limit 

1 

Wu = u- lim — G{\)V{Go{X)-Go{-X))uXdX (2.1) 

eiO.Wtoo m J^ 

G{X)V{Go{X) - Go{-X))uXdX (2.2) 

by using the boundary values of the resolvents ([IS])- Here we understand 
the integral on the right of fl2.ip as the Riemann integral of an valued 

continuous function, where t > 1/2 is such that s + f > 2. Then, the result 
of integral belongs to L^(M™'), the limit exists in L^(M™) and the equation 
fl2.ip is satished, which we symbolically write as fl2.2p . 

We decompose W into the high and the low energy parts 

W = W> + W< = WT(ifo) + fH®(^o), (2.3) 

by using cut off functions $ G C“(M) and T G (^““(M) such that 

<h(A^) + T(A^) = 1, <h(A^) = 1 near A = 0 and $(A^) = 0 for |A| > Aq 



for a small constant Aq > 0 and we study and separately. We have 
proven in previous papers [27l|7| that, under the assumption of this paper, 
the high energy part W> is bounded in L^(M"*) for all 1 < p < cxo if m > 3 
and we have nothing to add in this paper for W>. Thus, in what follows, we 
shall be devoted to studying the low energy part 1T< 

W< = ^iHo)u - — f G(X)V(Go(X) - Go(-X))X^(Ho)dX. (2.4) 
TT* Jo 


Since ^{Hq) is evidently bounded in //^(M™') for all 1 < p < cxo, we have only 
to study the integral part of fl2.4p which we may write in the form 

1 

Zu = -/ Go(A)R(1 + G'o(A)R)-VGo(A)-G' o(-A))AF(A)MdA (2.5) 

Jo 

by using Lemma 1^771 below, where F{X) = <h(A^). When H is of generic type, 
we have shown also in ^7\ [7] that Z is bounded in L^(M™') for all 1 < p < cxo 
under the condition of Theorem ll.il Therefore, we assume in the rest of the 
paper that H is of exceptional type. 
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2.1 Low energy asymptotics. Further reduction 

Since S > 2, the LAP (cf. Lemma 2.2 of [27j) implies that Go(-^)F is a 
locally Holder continuous function of A G M with values in Boo(L“^) for any 
1/2 < s < 6 — 1/2 and, the absence of positive eigenvalues ([I2]) implies that 
1 + Go(A)H is invertible for A > 0 (cf. [T]). It follows from the resolvent 
equation G{X) = Go{X) — Go{X)VG{X) that 

^(A)!/ = G'o(A)H(l + Go(A)H)-i for A ^ 0 (2.6) 

and, it also is Boo(L“^)-valued locally Holder continuous for A G M \ {0}. 
However, if H is of exceptional type Af = Ker 2 ,-s(l + Go(O)H) 7 ^ 0, and 
(l+Go(A)H)“^ has singularities at A = 0. We determine their singularities by 
recalling some results from 1271 and [7] and further reduce the problem to the 
study of Zg which is obtained by inserting the singular part of (l + Go(A)H)“^ 
into 02.51) . 

Since Go(0)H G Boo(L?_^) with real integral kernel Gm\x — y\‘^~'^V{y), 
Gm > 0, A/" is of hnite dimensional and we may choose real valued functions 
as a basis. Functions u E AT satisfy the equation 

- Au + Vu = 0, (2.7) 

hence u G for any s > 1/2 and, moreover, 

|M(a:) < hence, in particular Vu G D (2.8) 

(see e.g. |2], corollary 2.6), however, it may not be an eigenfunction if m < 4. 


2.1.1 Odd dimensional cases 

The structure of singularities are different for different m. For odd dimensions 
m > 3 we have the following results (see, e.g. Theorem 2.12 of [2Zj). We 
state it separately for m = 3 and m > 5. 


The case m = 3 li m = 3, u E Af satishes 


u{x) = 


1 

Itt 


V{y)u{y) 

k - y\ 


dy. 


It follows that 


u{x) 


a{u) 

HI 


0{\x\ ^) as HI —)■ cxo, a{u) 


1 

Itt 


V{x)u{x)dx. (2.9) 
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Thus, S = {u G M \ {0}: a{u) = 0} and, as A/" 3 m i—)■ a{u) G C is a 
continuous functional, dimM/E < 1. Any ip E M \ £ called threshold 
resonance of H. We say that H is of exceptional type of the first kind if 
£ = {0}, the second if = W and the third kind if {0} C C TV. The 
orthogonal projection in "H onto the eigenspace £ will be denoted by Pq- We 
let Pq) -Di,... be the integral operators defined by 

Dju{x) = I \x- y\^~^u{y)dy, j = 0 , 1 ,.... 

so that we have a formal Taylor expansion 

Go(A)M(a:) = — J ^ ^——u{y)dy = 

If H is of exceptional type of the third kind, there a unique f E M such that 
— {Vip,u) = 0, 'iu E £, = 1 and a{f) > 0. 

We define 

p = f + PoVD2Vf E M 

and call it the canonical resonance. If H is of exceptional type of the hrst 
kind, then dimW = 1 and there is a unique p E Af such that —{Vp, p) = 1 
and a{p) > 0 and we call this the canonical resonance. We have the following 
result for m = 3 (see e.g. [2^). B 2 ('H) is the Hilbert space of Hilbert-Schmidt 
operators on P. 

Theorem 2.1. Letm = 3 and let V satisfy |H(a;)| < C{x)~^ for some S > 3. 
If H is of exceptional type of the third kind, p is the canonical resonance and 
a = A‘ni\{V, p)\~‘^, Then, for any s E (3/2, 5 — 3/2), 

{I + G„{\)Vp = ^ + I + L(A). (2.10) 

A !-)■ {x)~^L{X){x)^~^ E B 2 ('P) is of class for any a < s. (2.11) 

If H is of exceptional type of the first or the second kind, fl2.10p and fl2.1ip 
hold with Pq = 0 or p = 0 respectively. 


The case m > 5 If m > 5, fl2.8p implies there are no threshold resonances 
and Af = £. We write Pq for the orthogonal projection in Ti onto £. 











Theorem 2.2. Let m > 5 be odd and |^(a;)| < C{x)~^ for some 5 > m + 3. 
Suppose H is of exceptional type. Then, there exists an L{X) which satisfies 
the property 02.111) for any s G (3/2,5 — 3/2) with Boo('H) replacing 62 ( 7 ^) 
such that, ifm = 5, 

{I + Go{X)V) ^ - + I + L{X), (2.12) 

with ip = PqV, V being considered as a function, and cq = z/(247r^); and if 
m>7, 

(/ + Go('^)^) ^ —h / + L[X). (2-13) 

Decomposition of Z for odd dimensions. Write the right of 02.101) . 
02.12P and 02.13P as 5'(A) + / + L{X) and insert this for (/ + in 

the right side of 02.Sp . This yields Zu = Z^iu + Zr 2 U + ZgU where 

• POO 

Zri = - Go{X)V{Go{X) - Go{-X))F{X)XdX, 

^ Jo 
i 

Zr2 = - Go{X)VL{X){Go{X) - Go{-X))F{X)XdX, 

^ Jo 
i 

Zs = - Go{X)VS{X){Go{X) - Go{-X))F{X)XdX. 

^ Jo 

We have shown that Z^i, Zr 2 G B(Lp) for any 1 < p < cxd in |23] and in Sec. 

3.1 of [27] respectively. Thus, when m > 3 is odd, we have only to investigate 
the operator Z^. 

2.2 Even dimensional case 

In even dimensions, singular terms may contain logarithmic factors. The 
following theorem is Proposition 3.6 of [7]. We let dim£^ = d. 

Theorem 2.3. Let m > 6 be even. Suppose |Id(a;)| < G{x)~^ for S > m + 4 
ifm = 6 and for 6 >m + 3 if m>8. Then, with an operator valued function 
E{X) which produces a bounded operators in Lp{MF) for any 1 < p < 00 when 
inserted into 02 . 5 p for (1 + Go (A) 14)“^, we have the following statements: 

(1) Ifm = Q, then we have 

(l + G„(A)V')-' = C,tAMog*A + B(A), (2.17) 

j=0,l k=l,2 


(2.14) 

(2.15) 

(2.16) 
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where all Djk are of rank at most 2d and VDj^ are of the form 

2d 

VD,k ^ 'is > 0 . (2.18) 

a,6=1 

(2) If m > 8 , with a constant Cm and function ip = PqV with V being 
considered as a function, 

(1 + Go(A)l")-i = ^ + {Vp)\^-^ log A + E{\). (2.19) 

If m > 12, then CmP ® [V\og \ may he included in E{\). 

Remark 2.4. In fact for m = 6 , we have proven in [7] only that Djk are of 
the form = PoVDf^PoV + Df^P^V + PoVOf^ and, for any £ > 0 , 

Df^ G B(AA), DjJ G B(AA, g B{{x)-^+^+^L‘^,M). (2.20) 

However, 1 + G'o(A)IA is a locally Holder continuous function of A G M with 
values in B((a;)~*if^(M®)) and the proof of Proposition 3.6 goes through with 
{x )~'^replacing everywhere, which implies that 02 . 20 ^ holds with 
R^(M®) replacing L^. This implies 02.181) by virtue of Riesz representation 
theorem. 

By inserting 02.17^ and 02.191) for (J + Go(A)H)“^ in the right of 02.51) . we 
have the decomposition Zu = Z^u + Zio^u + ZgU as in the case m is odd and 

• ^oo 

Z, = - G,{\)VE{\){Go{\) - Go{-X))E{X)XdX 

^ Jo 

is bounded in L^(M™) for any 1 < p < oo ([?]). Thus, we need study 

E i r°° 

- Go{X)VX^{\ogX)’^Dj,{Go{X)-Go{-X))E{X)XdX, ( 2 . 21 ) 
xk ^ Jo 

■ poo 

Zs = - Go{X)VPoV{Go{X) - Go{-X))E{X)X-^dX (2.22) 

^ Jo 

in what follows for even m > 6 . 


3 Preliminaries 

We record several results which we need in what follows and which are mostly 
well known. 
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3.1 Results from harmonic analysis. 

The following is the Muckenhaupt weighted inequality (cf. [8], Chapter 9). 

Lemma 3.1. The weight |r|“ is an Ap weight on M if and only if —1 < a < 
p — 1. The Hilbert transform Ti and the Hardy-Littlewood maximal operator 
M are bounded in LP{W,w{r)dr) for Ap weights w{r). 

We shall repeatedly use the fact that 

are Ap weights on respectively for 1 < p < m/{m — 1) (m > 2), for 
m/3 < p < m/2 (m > 3) and for 3/2 < p < 3. 

For a function F{x) on M™', G(|x|) G is said to be a radial decreas¬ 

ing integrable majorant (RDIM) of F if G{r) > 0 is a decreasing function of 
r > 0, and |-F(a;)| < G(|a;|) for a.e. x G M™'. The following lemma may be 
found e.g. on page 57 of 

Lemma 3.2. (1) A rapidly decreasing function F G has a RDIM. 

(1) If F has a RDIM. then there is a constant C > 0 such that 


\{F*u){t)\<C{Mu){t), te 
We dehne the operator "H on M by 

{l + n)u{p) 1 


TLu^p) = 


e^^^u{r)dr 


2 27r _ 

where TL is the Hilbert transform. 

Lemma 3.3. For u and F G L^(M) such that it, F E L^(M) we have 

^ /*oo 

Proof. Let 0(A) = 


(3.1) 


(3.2) 


I (A)fl(A)dA = (T'F » nu'jip). 

0 

1, for A > 0 


(3.3) 


0, for A < 0 


. Then, the left side equals 


^ [ F^^F{X)Q{X)u{X)dX = ^ [ ( [ F^^p-^^F*F{0df] Q{X)u{X)dX 

27r Jr 27r Jr \Jr / 

= / F-F{i)T{B(\)u{\)}{p- ()d( ^ [T-F tHu)(p) 

27r Jr 

as desired. □ 
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3.2 Resolvent kernel 


The resolvent Go(-^) for Q'A > 0 is a convolution operator and the convolution 
kernel is given for m > 2 by the Whittaker formula (cf. [23]) 


Go(A,a;) = 




2(27r)^r Jo 


6^2-^A|x| 


m—3 
2 


dt. (3.4) 


When m > 3 is odd, is an integer and we have the following expression. 

Lemma 3.4. Letm > 3 be odd. Then, Go{\,x) is an exponential polynomial 
like function: 


(m-3)/2 

G„(A,x)= ^ C, 

j=0 


c, = Hy(y-3-A)! ^ ,3 5 , 


X 


m—2 




j)! 


and the coefficients Cq and Ci satisfy 

iCo + Cl = 0, when m > 5. 


(3.6) 


If m is even, then is a half integer and derivatives of Go(A,x) be¬ 
come singular at A = 0. This makes the analysis for even dimensional cases 
considerably more complex than for odd dimensional ones. Nevertheless, the 
expression given below of Go(A,x) for even dimensions m > 4 as a super¬ 
position of exponential polynomial like functions allows some arguments for 
even dimensions to go in parallel to the ones used for odd dimensional cases. 
We set 


m 


V = 


and dehne superposing operators over parameter a > 0 for j = 0, 
by 


r/“)[/(a;,a)] = C™,, / (1 + a) 




C^,, = (-2z)J 


T{2iy-j + l) [u 


2m-i7rf T {^) \] 


(3.7) 

(3.8) 


Notice that 2v — j > 1 for m > 4 and the integral 03.71) converges absolutely 
if / is bounded with respect to a. 


Lemma 3.5. //m > 4 is even, then we have 


g„(\,x) = j 2 x 


(a) 


j=0 


,,iX\x\{l+2a) 


(Akl)^ 


\x 


m—2 


(3.9) 
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Proof. Write the Whittaker formula fl3.4p for Go ('^5 2 ;) in the form 


Go(A,a:) = 


^i\\x\ roo 


\^\m—2 
m . 


e 2 (t — 2iX\x\) 2 dt^ (3.10) 


where Cm. = 2™ ^ 7 r "'2 In the integrand of fId.lOp we write 


2 

m—3 


(f —2iA|a;|) 2 = (t — 2iX\x\y{t — 2iX\x\) 2 ^ 
expand {t — 2iX\x\y via the binomial formula and use the identity 

1 1 1 
z~^ =/ e~°‘^ a~^ da, ^z>0 


IT 


(3,11) 


for {t — 2iA|a;|) 2 . Thus, the right hand side of fl3.10p becomes 


E 

j=0 


V^Cm \j 


„-(l+a)t^2iy-j fi\\x\(l+2a) (A|3)|)-^ A dt da 

V \xy-y y/iy/d' 


The integral converges absolutely if m > 4 and this is nothing but fl3.9p . □ 

Lemma 3.6. Form > 4, Go{X,x) may also be written in the form 

Go(A. 1 ^) = E iJii-2 (3,12) 


i=o 


X 


where Gj^m ^ C°°(0, 00 ) fl C™' ^ ^([0, cxo)) and it satisfies for p > 1 that 

\G^-l{p)\<Cip-^-G 1 = 0,1,.... (3.13) 

Proof. By changing the contour of integration, we have 

G,,m{p) = Cjm r 


C. 


jm 


.~.—2a 


Vp 


a 

ia\~^'^''~^~^^^ da 
^ p) \/d' 


The lemma is obvious from these expressions. 


□ 
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3.3 Spectral measure of —A 


Let £'o((i/i) be the spectral measure for —A. Then, with /i = A^, 

Eo{dfi) = —(-Ro(h + *0) ~ -Ro(h ~ 'i0))dfi = —(Go(-^) ~ GQ{—X))XdX. 

2Tri in 

We set F(A) = <h(A2) for A 6 M. Then, F e Co°°(M) and F(|T)|) = 

Lemma 3.7. Letm > 3. Then, foru,v G both sides of the following 

equation can he continuously extended to X = 0 and 

X-^{v, (Go(A) -G'o(-A))n) = {\D\-\, (G'o(A) -G'o(-A))n), A > 0. (3.14) 
For continuous function / o/A G M with compact support, we have for A > 0, 


(n, Go(A)n - G'o(-A))/(A)n) = {v, (G'o(A)n - Go(-A))/(|Zl|)n) (3.15) 

Proof. Let A > 0. We have for any u,v E iS(M™') that 

r _ 

(n, (Go(A) - Go(-A))n) = J^v{Xu)u{Xu)duj (3.16) 

It follows, since |iA|“^n(Aci;) = A“^'0(An;), that 

(IDI-V, (G„(A) - G„(-A))«) = ^ (3.17) 

The right hand side obviously extends to G L^(MF') to produce continu¬ 
ous functions of A > 0 when m > 3 and fl3.14p follows by comparing fl3.16p 
and fl3.17p . If / is continuous and bounded, then iFf{\D\)u = /(|'C|)w(0 and 
03.15p likewise follows. □ 


We dehne the spherical average of a function / on 

1 


by 


M(r,/) = 


f{ru)du, for all r G 


(3.18) 


Here S = S'" ^ is the unit sphere and |S| is its area. Holder’s inequality 
implies 

fOO \ 1/p 

\M{rWr^-^dr\ < \\f\\p. (3.19) 

M(r, /) is an even function of r G M. We then often use the following formula. 
For an even function M{r) of r G M, dehne M{p) by 


^(p) = / rM{r)dr i = — rM{r)dr 


(3.20) 
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Lemma 3.8. Suppose M{r) = M{—r) and (r)^M(r) is integrable. Then, 

[ e“*^'^rM(r)(ir = — f e~^^^M{r)dr, f M{r)dr = f r‘^M{r)dr. (3.21) 

JM. ^ ./M JM. Jm. 

Proof. Since rM{r) = —Mfr)', integration by parts gives the first equation. 
We differentiate both sides of the hrst and set A = 0. The second follows. □ 

We denote u{x) = u{—x), x G M™. (The sign''will be reserved for this 
purpose and will not be used to denote the conjugate Fourier transform.) 


Representation formnla for odd dimensions. 

Lemma 3.9. Let m > 3 be odd. Let if G L^(M™') and u G S{W^). Let 
Cj = |S|Cj where Cj are the constants in fl3.5p . Then, for \ > 0 we have 


{if I (Go(A) - Go(-A))w) 

(m—3)/2 
j=0 

Remark 3.10. Combining fl3.16p with fl3.22p we have the identity: 


e M{r,if * u)dr. (3.22) 


7riA™-2 

(27r)"^ 


J if{Xu)u{Xu)du 


Cj(—l)-^^^A'’ / e~^^'^r^~^^M{r,if * u)dr. 


j=0 


This is particularly simple for m = 3: 


if{Xu)u{Xu)du = 


SttH 


e ^^^rM{r,if * u)dr 


(3.23) 


Proof. We compute {if \ Go(X)u} by inserting the integral kernel fl3.5p of 
Go (A). After changing the order of integration, we rewrite the integral by 
using polar coordinates. Then, 


(m-3)/2 


{if I Go(A)k) = X] c'i / ( 


Ate*'^hl^i(a; _ yj 


\y\m-2-j 

Aie*^hl(.^ * u){y) 


dy I dx 


j=0 

(m-3)/2 

(m-3)/2 _ 

Cj X^P^G^+^M{r,if*u)dr,Cj = Cj\P\ 

j=o 
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Since M(r) is an even function, change of variable r to —r yields 

(m—3)/2 

-{ip I Go(-A)m) = 

j=0 

Add both sides of last two equations and change the variable r to —r. This 
produces fl3.22p . □ 


ip * u)dr. 


Spectral measure in even dimensions. If m is even, we have the ana¬ 
logue of fl3.22p . For a function A{r) on M and a > 0, dehne 

A“(r) = A(r/(1 -|- 2a)) 

and write M^^^(r) for M(r, ip *u) for shorting the formula . 

Lemma 3.11. Let m>2. Let ip G L^{W^) and u G iS(M™'). Then 


(G„(A) - G„(-A))ti) = 5^(-iy+'|E|rF 


3=0 


,)(A) 

(1 + 2a)J+2 


= + 2a)A)] . 

3=0 

The term with j = 0 in the right of fl3.24p may also be written as 


(3.24) 

(3.25) 




(l + 2a)2 


(3.26) 


Proof. Dehne Aj{X,r,a) = (m 2 ) operator Aj(A,a) by 

Aj{X,a)u{x)= Aj{X,\y\,a)u{x - y)dy, j = 0,...,u. 

Then, 03.91) and change of the order of integration imply 

V 

{i>, (G„(A) - G„(-A))t.) = K’/’. (M>: «) - ■4j(-A, o))t.)|. (3.27) 

3=0 

We have, as in odd dimensions, that for u G iS(M™') and ip G L^(M™') 


{ip,Aj{X,a)u) = 


ip{x)Aj{X, \y\, a)u{x — y)dy ) dx 


m XJ'Um 
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= [ Aj(\,\v\,a)(iitu){y)dy=\n F e'<d+^^’"-{\rYrM^,^(r)dr. 

J'S.'^ Jo 

Replacing A to —A and changing the variable r to —r, we have 

= I e'“+"“''’'(Ar)VA%.4(r)cir, 

J —oo 

where we used that r) = Adding these two yields 

(MX, a) - /lj(-A,a))«> = |E| [ e‘'-^*^^^'(XrYrM^,M)dr. (3.28) 

Ar 


Changing r to —r in the right of fl3.28p and plugging the result with fl3.27p . 
we obtain fl3.25p . If we change the variable r to —r/(1 + 2a), fl3.28p becomes 


(_l)i+i|S| 
(1 + 2 a )^'+2 


1p*U '' J 


(_l)i+i|S|A^' 

(1 + 2 a )^+2 




If we substitute this for (-0, (Aj(A, a) — Aj(—A, a))u) in fl3.27p . fl3.24p follows. 
If we use the second equation of fl3.2ip the right of the last equation for j = 0 
becomes 

(1 + 2a)2 ' 

and 03.261) follows. □ 


3.4 Proof of Theorem 11.11 for odd m > 3. 

We substitute 02.10p . 02.12p and 02.13P for S'(A) in the equation 02.16P respec¬ 
tively for m = 3, 5 and m > 7. We write {3i,..., 3^} for the orthonormal 
basis of the 0 eigenspace S of H and dehne 

(i „oo 

Zsiu = y^- Go{\)\Vct>i)iyct>i\{Go{X)-Go{-\))F{\)\-\d\. (3.29) 

i=i "" -^0 

Then, we have = Zgi if m > 7 and, if m = 3 and m = 5, we have less 
singular extra term given below and Zg = Z^q + Zgi: For m = 5, with 
7> = PoV 

POO 

Zsou= / G'o(A)|R(p)(R(p|(G'o(A)-Go(-A))M)F(A)dA 

Jo 
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and for m = 3, with 0o being the canonical resonance 


Z,ou = / Go(A)| V(l)i){V(l)r, \ (Go(A) - G'o(-A))n)F(A)dA 

i,n=0 

where ain, 0 < l,n < d are constants snch that aoi = aio = 0 for 1 < I < d. 
Thns, for proving Theorem ll.ll for odd m > 3, it snffices to prove the following 
proposition. 

Proposition 3.12. Let l<p<3 ifm = 3 and 1 < p < m/2 ifm>5. 

(1) For any 0, V' ^ -A/", the operator Zso(0, t/^) defined by 

i 

= - / Go{X)Vfi){Vij\{Go{X)-Go{-X))F{X)udX (3.30) 

^ Jo 

is bounded in ifm = 3, 5. 

(2) For any E £, the operator defined by 

i r°° dX 

Z,fifi,fi)u=- Go{X)Vfi){Vfi\{Go{X)-Go{-X))F{X)u—. (3.31) 

TT Jo A 

is bounded in Lp(M™') for all odd m > 3. 

Proof. Write Zgi for £ = 0,1 for simplicity. We replace Go(A) 

by f|3.5p and nse fl3.22p for (Go(A) — G'o(~A))m). Writing M(r) for 
M(r, Vf) * u), we obtain 


m—3 
2 


ZsiU = -Yl 

j,k=0 


(3.32) 


where 0 < j, fc < are given by 


Z^f\{x) = 


vm 


K^^'’"\\x-y\)dy, 


k - 2/1’ 


%-2-k i 


(3.33) 


k'X^^\p) = — j / e-*^V+iM(r)dr ) F(A)dA. (3.34) 


2ti 

By nsing Yonng’s ineqnality and polar coordinates, we have from fl3.33p that 


\z'f'u\\, < c\\v4,\w ( r '‘/ty/j 


i/p 


0 P 


{m—2—k)p 


(3.35) 
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This will often be the starting point of estimates though some modihcation 
will be in some cases. When £ = 0, we have by virtue of Lemmas 13.31 and 13.21 
that 


*-H(r^'+^M(r))}(p)<|.|C'Wl(r^'+^M)(p) (3.36) 

for all 0 < j,k < The proposition is proved by the series of lemmas 

given below. □ 


Lemma 3.13. Let m = 3 and 1 < p < 3. Then, HZ^o'^^llp < C'||m||p for a 
constant C independent of u E 


Proof. If m = 3, we have j = k = 0 only and we omit the suffix (j, k) from 
and Kq’^\ Let 3/2 < p < 3 hrst. Then, is an Ap weight on M 
and, applying Lemma EH] to 03.361) . we obtain 


\ i/p 

\Ko{pWp^-^dp) <C 




\ i/p 

M{rYr‘^dr j 


< C||I/'0*m||p < C'||IL'0||i||n| 


p- 


(3.37) 

(3.38) 


The lemma for 3/2 < p < 3 follows from this and 03.351) . For 1 < p < 3/2, 
we apply integration by parts and apply Lemmas 13.31 and to the resulting 
equation and obtain 

F{\) I e-^^^rM{r)dr 

Jr 

<\.\Cp-\M{r^M){p) + M{rM){p)). (3.39) 



Mp) = 


2np 


pxp 


If 1 < p < 3/2, then, p^ is an Ap weight on M and 03.391) and Lemma ETTl 
imply 



i/p 


Mp)\^p'~^dp] < / \M{r^M){p)+M{rM){p)\Pp^-^Pdp 


i/p 


|M(r)|Vdr +C 


i/p 


\ i/p 

\M{r)\^r‘^~^drj 


(3.40) 


We estimate the hrst on the right of 03.40^ as in 03.381) and the second by 



|M(r)| 


\ 1/P 

r~dr j 


P.V.2 


+ 



|M(r)/ 


\ i/p 

'•‘^~^dr j 


< C{\\VY * u\\p + \\VY* m||oo) < c{]\VYh + \\vnp')\Hp 


(3.41) 
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where p' = p/{p— 1) is the dual exponent of p and we used obvious estimate 


sup|M(r)| < WV'ijj^u 


(3.42) 


Combining fl3.4ip with f|3.35|) we have the lemma for l<p<3/2as well. 
Then, the interpolation theorem ([5]) completes the proof of the lemma. □ 

Lemma 3.14. Let m = 5 and 1 < p < 5/2. Then, HZ^o'^llp < C'||m||p for a 
constant C independent of u E 

Proof. By virtue of the interpolation theorem, it suffices to prove the lemma 
for 1 < p < 5/4 and for 2 < p < 5/2. Though m = 5 in this proof, we 
will also write m for the space dimension 5 as this is sometimes conveninet. 
We integrate by parts k + 1-times in the right of fl3.34p for i = 0. Since 
all derivatives up to the order k of M{r)dr^ F{\) vanish at 

A = 0, no boundary terms appear and after estimating the resulting equation 
by using Lemmas 13.31 and 13.21 we obtain in addition to fl3.36p that 




2k-\-l 


27rpfc+i 


J>'P 


('a^'+^F(A) j e-*^V+^M(r)dr^ dX 


C 


fc+1 


^ /=0 


(3.43) 


Let 1 < p < m/{m — 1). Then, is an Ap weight on M and fl3.43p 

and Lemma 13.11 imply that the integral of on the right of fl3.35p is bounded 
by a constant times 



|2W'H(rJ+'+^M)(p)|P 



1/p 



|pi+i+iiVf(r)|P , 

^(p-l)(m-l) ^ ) 


< c 


r + \r 


m—1 


)M(r)p 


^(p-l)(m-l) 


\ 1/P 

drj <C{\\Vf^h + \\Vf:\\p>)\\u\ 


p- 


(3.44) 


Here the last estimate is obtained as in fl3.4ip by using fl3.42p . This proves 
the lemma for 1 < p < 5/4. 

If 2 < p < m/2, then jg Ap weight on M and m — 2 — k = 2\i 

m = 5 and k = 1. Hence, estimating the right of 03.351) by using 03.361) and 
Lemma 13.11 as previously, we obtain 

\\Z^'’'^u\\p < CWVfWi \M'H{r^^^M{r))\Pp"^-^-^Pdp 
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<c\\vn. 


•oo 


(3.45) 


\ 1/P 

\M{r))\Pp'^-^-^^-^^Pdp] <C\\u\ 


p- 


When A; = 0, we split the integral in fl3.33p and estimate 

J \x—y\<i i"^ y\ 




J\x—y\>i 1 ^ y\ 

We have by using Young’s inequality that 

/Y“'(ki) 


|/2|l,< iv^ih 


X 


(3.46) 


and, applying Lemma IXTI to 03.361) again, 


X 


coo \ 1/P 

= C{ I \Ki,^’°\p)\Pp^-^-^Pdpj 


<c(^j <C\\ 


u\ 


p- 


(3.47) 


For Ji (x) we hrst use Holder’s inequality and then apply 03.47P to the second 
factor of the result to obtain 




< 


<1 


\V(l){x-yW 

\y\^' 


/ X W 
dy 


Ay“>(ki) 


X 


\V<P{x-y)\P' \ 


i/p' 


Xi 


\y\^' 


dy ] 


\u\ 




pi 


where p' is the dual exponent of p and <p'<2<p<m/2. Hence 
Minkowski’s inequality implies 


|/l||p<C^||w||p|||^0|^ 


\W 

'p/p' 



C\\V<^Uu\\,. 


(3.48) 


Combining 03.46p . 03.47p and 03.48p . we obtain the lemma also for 2 < p 
m/2. 

We next study Zgiu and prove the second statement of the proposition. 
Thus, ^ S in what follows. We begin with the case m = 3. 
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Lemma 3.15. Let m = 3 and 1 < p < 3. Then, for a constant Cp indepen¬ 
dent of u E we have ||Zsim||p < Cp||M||p. 

Proof. Define p{x) = \D\~^{V'if). Then, by virtne of fl3.14p . we have that 

poo 

Zsiu= / Go{X)\Vf){p\{GoiX)-Goi-X))u)F{X)dX 

Jo 


which is the same as Z^qu with Vf) being replaced by p. Thus, if we define 
M{r) = M{r,p * u), then the proof of fl3.38lh fl3.40p and 03.411) implies that 

( rco \ 1/p 

j \M{r)fr^drj <G\\p*u\\p (3.49) 

when 3/2 < p <3 and, when 1 < p < 3/2 that 

( roo \ 1/p 

J \M{r)fr'^~^dr\ < G{\\p * u\\p\\p * u\\oo) (3.50) 

The operator |D|“^ is the convolution with G\x\~‘^ with a constant G and 
fj satishes \V{x)^jJ{x)\ < G{x)~^~‘^ and jV'ipdx = 0. It follows that p{x) is 
bounded and as |a:| —)• oo, 


\x — y\^ \x‘^\ 


p{x) = G 

J vD’-y 


{Vf)){y)dy 

3 


Ixpla; 


\x\ 


+ 0{\x\-^). 


Thus p G L'^(M^) for any 1 < q < oo and the convolution with p{x) is 
bounded in for any 1 < p < cxo by the Calderon-Zygmund theory (see e.g. 
IZD, pp. 30-36). Thus, the right hand sides of 03.49p and O3.50p are both 
bounded by C'||m||p for 3/2 < p < 3 and 1 < p < 3/2 respectively. □ 

Lemma 3.16. Let m > 5 be odd and 1 < p < Then, for a constant Gp 
independent of u G C'(f’(M”^), we have ||Zsim||p < C||M||p. 

Proof. Here again M(r) = M{r, {Vif) * u). We hrst prove 

ll^if ^m|Ip < G\\u\\p, 2<j<^, 0<k<^. (3.51) 

The proof is almost a repetition of that for m = 5. If 2 < j < then 
all derivatives of order up to k of X^~^^~^F{X) J^e~^^‘^F~^^M{r)dr vanish at 
A = 0 and k + 1 integrations by parts show as in 03.431) that 


fc+i 


G 




1=0 


P‘ 


(3.52) 


22 

























Since r is an Ap weight on M for 1 < p < we have 


Af’'■’(rtl” 


Vp fc+i 


p(m—2—k)p 


p'"-‘dp <cj^ 


1=0 


|M(r)|P 

p(m-2-j-l)p 


r^-^dr 


^ i/p 


\ i/p 


<C{ |M(r)|^’r”*-Mr +C 






i/p 


p(m-i)p 




< CiWiV^/j) * u\\p + WiV^I;) * w|U) < C{\\V^/J\U + \\V^lj\\p>)\\urp. (3.53) 

Here at the last step we used (13.421) and that 0 < p{m — 4) < m. We next 
prove that 


II (coZi?’") - CiZ^i’"0w|lp < C\\u\\p, 0 < fc < 


7 ( 1 ,k) 


m—3 

2 • 


(3.64) 


This and fl3.53p will prove the lemma. Recall Cj = Cj|S|, Cj are constants of 
(13.51) and Cq — iC\ = 0. Using (13.211) . we rewrite 


_ z! 

2ti 


Kr\p) = 


giAp^fc^(^) / / e-*^"M(r)dr ) dX. 


(3.55) 


Since the derivatives up to the order fc — 1 of A^F(A) ^^^M(r)drj van¬ 

ishes at A = 0 and 


gk 

dX^ 


X'^FiX) / e-^^^M{r)dr 


= k\ r'^M{r)dr, 


A=0 


integration by parts using {d/dX)’^~^^e'^^P = yields that 


hf*\p) = 


2Tipk+^ 


fc+l 

Z 

z=o 


fc -l- 1 


k\ / r‘^M{r)dr 

Jr 

eW(yfc^)(fc+i-0 f e-^^^{-ir)^MdrdX 


(3.56) 


Applying likewise integration by parts to A'ifc,i(p), we obtain 


;y;i’^)(p) = ^ / e*^^A^F(A) ( / e-^^W^M{r)dr ] dX 

-k\ I r‘^M{r)dr 

M 

o 

eW(yfc^)(fc+i-0 / e-^^^i-irYr^MdrdX 


poo 


27r 


k+l 


Y. 

1=0 


k + l 
I 


(3.57) 
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Since Cq — ici =0, we have by combining fl3.56l) and fl3.57p that 


c„Af'"’(p) - CiKr'(p) = 




Cot 


k-l 


P‘ 


k+1 


fc+1 

1=0 


* (77(r'M)}(p) + *77(r'+2M)}(p)' 

„ fc+i 

^ ^-.. .. (3.59) 


k + 1 
I 


(3.58) 


£|-n5T Y.^MH(t'M){p) + MH(t'*HO(p)) 

^ 1=0 


It follows again by using Young’s inequality and the weighted inequality that 
UcoZ+- c++)u\\. 


^sl 
/c+1 

icY^WvH 


1 


1=0 

k+1 

1=0 

fc +1 

1=0 


\MH{r^M{p)\P + \MH{r^+^M{p)\P 

p{m-l)p P P 


(|M(r)|Pr?’' + |M(r)|PrP('+2))r”^-i-P(”^-i)dr 


\ i/p 

|M(r)|PrP('-"^+3)+m-i^^ , 


i/p 


i/p 


(3.60) 


where we used Hardy’s inequality at the last step, remembering the dehnition 
fl3.20p . Here —m + 3</ — m + 3<0 when 0 < / < fc + 1 and 




|M(r)|^’r’^-i-P(™-3)dr + j \M{r)\Pr^-^drj 


i/p 


dMOP < C'||H0||i 

< C\\V(j)U\\Vii * mIIoo + \\Vij* u\\p) < C\\V(j)U\\Vij\\p + \\Vii\\p)\\u\\p. 

This completes the proof of the lemma. □ 

The following lemma completes the proof of Proposition 13.121 

Lemma 3.17. Let m > 5 be odd and max(2,m/3) < p < m/2. Then, for a 
constant Cp independent of u E C'^(M”’'), we have ||Zsim||p < Cp||M||p. 

Proof. We prove for 0 < j,k < that 


\Zg{'^''u\\p < C||m||p, max(2,m/3) < p < m/2. 


(3.61) 


Here again M(r) = M(r, Vip *u). We have 




= Pi{x)+i2{,x). ( 3 . 62 ) 


\y\' 
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Let j > 1 first. We have 




I /-oo 


27r 


Y 


e-^^W^M{r)dr ) d\. 


(3.63) 

We then apply integration by parts in a way sightly differently from that 
used in the proof of the previous lemma and obtain 




< 




1=0 


j - 1 




^l-l 


J2Cjip'MH{r^M){p) j>l. 


(3.64) 


z=o 


When j = 0, we use M(r) of fl3.20p and estimate as 

kI^’'^\p) = f e*^^A^F(A) ( f e-^^^M{r)dr) dX<\.\ MH{M){p). 
2*7r Jo V^R / 

(3.65) 

Let j > 1. If p > 1, then fl3.64p is bounded by CpP~^M'H{r‘^M){p) and 
m — k — j — 1 >2. It follows by using Young’s inequality and the weighted 
inequality that 


l^2||p<||4^0|h 


coo I T^(j,k) Ip 


\KY 


1/p 


p^-^p 


>1 p‘ 


{p(m—2—k) 


(3.66) 


< C||Y0||i \M{r)Yr^-Hr^ ''' < C\\V 4>rMt (3-67) 

for is an y4p weight on M for m/3 < p < m/2. When j = 0, we 

estimate the right of fl3.66|) by first using fl3.65p . remarking m — 2 — k > 2 for 
0 < fc < apply Lemma lYTl and then Hardy’s inequality consecutively. 
Then, 


SCIIVi^ll.f 




\ 

|M|Pr™-i-2Pdr J <C\\V(j)\\^ 


|M(r)/ 


mr 


i/p 
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The right side is bounded by C||id0||i||id'0||i||M||p as previously. This and 
fl3.67p show ||/ 2 ||p < C'llullp. We next estimate ||/i||p. By virtue of Holder’s 
inequality 


h{x)\ < 



V(j){x - y) 

|^|m—4— 




KM\y\) 

\y\^ 



(3.68) 


When 0 < p < 1, fl3.64p and (13.651) imply 

< C,k{M'H{r^M){p) + Mnmp)) 


where the last term is necessary only for j = 0. Then, again by virtue of the 
weighted inequality and Hardy’s inequality we obtain 



kf'‘\\y\) 

\y\^ 







i/p 


< C 


\ i/p 

\M{r)\Pr^-^dp\ <C||H^/>||i| 


u\ 


(3.69) 


Since < p' < |a^| is integrable on |x| < 1 and p' < p. It 

follows by Minkowski’s inequality 



H0(x - y) 

\y\m-A 



W 


<c\\vH, 


f dy \ 


Thus, ||/i||p < C'||m||p as well. This completes the proof of the lemma. □ 


4 Proof of Theorem 11.11 for even m > 6 

We now prove Theorem 11.11 when the space dimension m > 6 is even, viz. 
we prove that Z\og and Zg defined respectively by fl2.2ip and fl2.22p satisfy 

ll^s^llp < C’ll^llp, ll^iogMlIp < C'llullp, l<p<m/2. (4.1) 

We prove (14. ip for Zg first and comment on how to modify the argument 
for proving (14. ip for Z\og at the end of the section. We take the orthonor¬ 
mal basis {01,..., 0rf} of the 0 eigenspace £ oi H and represent ZgU^x) = 
X]f=i Zs,iu{x), where, for Z = 1,..., d, 

dX 

Go{X)\V<Pi){V<Pi\Go{X) - Go{-X))u)F{X)—. (4.2) 
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and we prove that Zg^iu, I = 1,..., d satisfies fl4.ip omitting the index I in 
what follows. Recall p = (m — 2)/2. 

We want to apply the argnment nsed for odd dimensions also to the even 
dimensional case as mnch as possible. For this pnrpose we represent Zsu{x) 
as in fl4.6p below. We write M(r) = M{r,V(j) * u) as previonsly and define 
(p) for j, fc = 0,..., z/ and a, 6 > 0 by 

Qt(P) = {i~+2r)i>' (4.3) 

where M°‘{r) = M(r/(1 + 2a)). When j = 0, (p) may also be expressed 

as 

flFl _ __ 

= (1 ) 2ar_ I A*e“<'+“l'’7^(M“)(A)F(A)dA (4.4) 

by nsing fl3.26lh Set 4’jfc(A) = A'^+^“^F(A). Then ^jk G C^(M) if j + A; > 0 
and, 

Q‘t(p) = (-l)'+'2^(l + 2a)-^P+P>{(r<S.,t)*n(ri+'M‘‘)}{(l + 26)p) 

<1.1 C(1 + + 2b)p). (4.5) 


Lemma 4.1. Let (p) be as in fl4.3p or fl4.4l) . Then, 


ZMx) = 


E rp{a)rp{b) 

j k 


j,k=0 


{Vcj>){x-y)Qti\y\) 


bl 


m—2—k 


dy 


j,k=0 


(4.6) 

Proof. In the right of 04.21) . nse formnla 03.24p for {Vf, (G'o(A) — Go{—\))u) 
and 03.91) for Go (A), viz. 


G„(A)^(i) = 5^ A‘r‘‘> 

k=0 



i\{l+2h)\y\ 

^y^m-2-k 


!/)% 


(4.7) 


Then, we see that ZgU^x) is the integral with respect to A G (0, cx)) of |S 
times 


j,k=0 


{a)rpib) 
^k 


(1 + 2a)J+2 


Ai+fe 


-1 


^iX{l+2b)\y\ 

|y |m—2— 


W(R+^M“)(A) 


F(A). 


Integrating with respect to A first via Fnbini’s theorem yields 04.6p . □ 
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4.1 Estimate of \\Zs^'^^u\\„ for 1 < o < —j 

If (j, k) 7 ^ (z/, z/), the repetition of the argument modulo change of variables 
and the superposition via of the previous section proves < 

C||m||p for 1 < p < We hrst check this. 

4.1.1 Estimate of (j, A;) ^ for 1 < p < 

We use the following estimate which is basically the change of variable for¬ 
mula. Dehne 


iV:''’(w)=( |M(r'^M“)((l + 26)p)|V 


P Zfn—l—p{m— 


^^dpj 


\ i/p 


(4.8) 


Lemma 4.2. Let 0 < a < m — 1 and 1 < p < m/{m — 1). Then, for any 
m/{l + a) < q < oo we have 


N-/ < C(1 + 2a)?-(”^-'-")(l + (IIL^IK + ||I"^||,)||w||p. (4.9) 

Proof. By using changes of variables and weighted inequality we have 

i/p 


^a,b = (1 + 26) 


m-1-^ 
P 


I Af (r'"M“) (p) 


< C{1 + 2a)?"^”^“^“'")(l + 26)”^“^" p ( / |M(r)|Pr™-i-P(™-i-'")dr 

'o 


i/p 


Denote k = m — 1 — a. Then 0 < zt < m — 1 and the last integral is bounded 
by 

poo \ 1 /p / P \ 

/ |M(r)|^’r"^-^dr J +( / |M(r)|Pr"^-^-^’^dr j 

< I|1"^*m|Ip+ ||kr''(^^*«)(a^)|Lp(pl<i) 

<(l| 4 ^^lli + |||a;n|^^(l^l<,)||Di 6 ||,)||«||p. 

for any q G [m/ (1 -|- a), cxd] by Holder’s and weak-Young’s inequality. □ 

Lemma 4.3. Suppose 1 < p < Then, for 2 < j < u and 0 < k < u 

such that (j, k) ^ (z/, n). 



Proof. Minkowski’s inequality and then Young’s inequality yield 



< ||Y0||i-W, 


{a)rp(b) 



Qt^\A) 



|p^|m— 2 — 




p. 


(4.11) 


We apply integration by parts k + 1 times to fl4.3p using that = 

(i(l + Then, Lemma 13731 and Lemmaimply 


fc+i 


Qt(p) = Y 


1=0 


(_l)i+i|S| 

(1 + 2a)t+2 + 26 )p 


fc+i 


k + 1 
I 


io 

fc+l 

Y (1 + 2a)l+2(l + 26)*+i/+")((1 + 24)p). 


(4.12) 

(4.13) 


Use Lemma [4.21 with s = j + / + l<m — 1 for (j, k) ^ (z/, v) to obtain 

Qjk (1^1) , /^/i I o ^ /"I I ——A: II II /A A 

|^|^_ 2 _fc <C{l + 2a)p ^ ’{l + 2b) p llullp. (4.14) 

p 

We then plug this to fl4.1ip and use m — k — l>j + 2. Then, 

ll^if ^«||p < [(1 + 2a)?-(^+2)(l + 26)™-2-^-'’]||n||p 

^11 11 ( {l + 2a)f-^^^^^ da\ f {l + 2hr-^-'^-^ dh\ 

- \Jo (1 + ) [Jo (1 + Vb J ■ 


Since f - (j+ 2)-2iy+j = f-m < Oandm-2-^ < -1 for 1 < p < 
the integrals on the right are hnite and the lemma follows. □ 

We can repeat the argument used for odd dimensional m > 5 case also 
for 


^(0,/c) 

^s2 


U + = 



(V(j)){x y) ^(b),rp{a)^(a,b) 

|^|m-2-fc -^k I-'O Vofc 


(l!/l) + h“>Q 


(a,6) 

Ok 


(\v\))iiv 

(4.15) 


and obtain the following lemma. 

Lemma 4.4. For 1 < p < there exists a constant C > 0 such that 

^ m—1 ^ 


II < C\\u\\p, A) = 0,..., z/. (4.16) 
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Proof. We apply integration by parts k + 1 times to fl4.4|) and fl4.3l] as in the 
j >2 cases. This respectively produces the following: 


Qotip) = 




k+1 




(4.17) 


(1 + 2a)2(l + 2hY+^p^+^ 

E c.«,,<,(P). (4.18) 


1=0 
k+1 


1=0 


(1 + 2a)3(l + 26)^+V‘ 

where the integral terms and Qi^iip) given 

e*^(i+2'')p(A^F(A))(^+i-')(J^((-ir)'M“)(A)) 


QotiiP) = 


(1 + 2a)2(l + 26)^+ip^+^ 


dX 


<\-\C 


A4(r'M“)((l + 26)p)) 
(1 + 2a)2(l + 26)^+ip^+i 


(4.19) 


Qti(p) = i-^y 


e*^(i+2^)^(A^F(A))(^+i-')j^(r2+'M“)(A)) 
(1 + 2a)^(l + 26)^+ip^+i 


dX 


<\-\C 


>l(r2+'M“)((l + 26)p) 
(1 + 2a)3(l + 26)^+ip^+i 


(4.20) 


We have J^(M“)(0) = J^(r^M“)(0) = (1 + 2a)^ r‘^M{r)dr by virtue of 
fl3.2ip and, elementary computations show 


r<“>[!] = r„'“’|(l + 2a)] = 2ai-iCyr(l/2)r(2a - 1 ). 

It follows that the sum of the superposition via Tq“^ of the boundary term of 
fl4.17p and that via of the one of 04.181) vanishes: 


-i(a) 


i^k\ 


r‘^M{r)dr] (T;f“^[i] - T(S“^[(1 + 2a)]) = 0. (4.21) 


(1 + 2b)’^+^p’^+^ \Jq 

For 1 < p < pm-i-p(m-i) jg weight on M and we have the identity: 


M^{r)= / sM“(s)ds = (l + 2a)'M((l + 2a)-V) 
J r 

It follows by using Lemma 13.11 and the change of variable that 


(4.22) 


QtM) 


\x 


m—k—2 


< 


C{l + 2b) 


m-l-lH 

P 


(l + 2a)2(l + 26)^+i Vio 




i/p 
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(4.23) 


Since m — p{m — 1 — /) > 0, Hardy’s inequality applies and, because 0 < 
p{m — 4 — k) < p{m — 3 — 1) < m for m > 6, we have as previously 


(0231) < 


(1 + 26)p-(”^-''- 2) Vio 




1/p 


< , iWV^h + \\Vi’\\m/ 2 )\\n\\p, 0<l<k + l. (4.24) 

(1 + 2o) p ^ ’ 


Since — — {m — k — 2) — (2z/ + 1) < —1 and — — {m — k — 2) + 2v — k + 1 > 2, 
(l+2a)^-(”^-''-')(l+a)-(2-+l)a-i and (1+26)-p+(”^-"-2)(l+6)-(2-^+^)6-^ 
are both integrable over (0,cx3). Thus, fl4.24p implies 


rp{a)rp{b) 

-‘-0 


QolMA) 


\X 


m—k—2 


< C'lltillp. 0 < / < fc +1. 


(4.25) 


Entirely similarly, starting from (14.20^ . we obtain 




\X 


\m—k—2 


< 


C{1 + 2b) 


P 


(1 + 2a)3(l + 26)fc+i Vio 


< 


C'(l + 2a)p-('”-'^ 

(l + 26)p-(™-'’-'^ Vio 


|]pf(^)|P^m-l-p(m-3-0^^ 


i/p 


i/p 


Cil + 20) 

< , \,X-im-k-2) (ll^^lli + 0<l<k + l. (4.26) 

(1 + 26) p ^ ^ 

The extra decaying factor (l + 2a)-^ of (I4.26p compared to (14.2411 cancels the 
extra increasing factor (1 + a) of compared to Tg“^ and we have also 


rp(a)rpih) 



QfkM) 



|^|m—/c—2 

p. 


< C\\u\\p, 


0 < / < A;+ 1. 


(4.27) 


Estimates (I4.25p and (14.2711 implies the lemma by virtue of (I4.15p . (14.1711 . 
(I4.18P and Young’s inequality as in (14.lip . □ 
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4.1.2 Estimate of for 1 < p < m/{m — 1) 

In this subsection, we prove 

\\Zi^’’^^u\\p < C\\u\\p, l<p<m/{m-l). (4.28) 

If we apply the method of previous section for proving this, then, in the 
integration by parts formula fl4.12p . the power j + 1 + 1 of can 

reach m, which is too large to be controlled by using the weighted inequality 
and we have to use the different method. We hrst pinpoint the problem by 
applying the previous argument. 

We apply integration by parts u — 1 times to fl4.3p : 


Q+p) = 




z=o 


(1 + 2a)^+2(l + 2bY-^p^-^ 


u-l 




1=0 


where the dehnition should be obvious. For Lf’^u with 0 < / < z/ — 2, we 
further apply integration by parts twice to see 


Lfu{p) = o 


j=0 


{T*^u,j * 'H(r^+^+^+W°)}(p) 
(1 + 2a)^+2(l + 2by+^p''+^ 


<M 


cJ2q 

j=0 


Al(r''+^+i+W“)(p) 

(1 + 2aY~^‘^{l + 26)^+^p^+i 


(4.30) 


Here z/ + /+j + l<2z/ + l<m — 1. It follows by virtue of Lemma [4.21 that 


' a,b 


p 


ra—2—u 


< c}2++tS++:!+Ll+(\\vi,h + l|v'^'ll,s,ll“llt.. 


(l + 2a)'^+2(l + 26)'^+i 
and, as ^ —(z/+2)—z/ = m ^4 — <0 and (m—1—y) —(z/+l)—z/ = —^ < 0, 

T+)tY) < C{\\VY\\+^^ + \\VY\\i)\\u\\p, 0 < / < z/ - 2. (4.31) 


LP' 


,m—2—u 


Thus, we have only to prove for l<p<m/(m — 1) that 


rp(a)T{b) 

1 

d i 

1_ 



pm—2—IP 



< C\\u\ 


(4.32) 
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The problem here is that, if we apply integration by parts twice to obtain 
the factor as in fl4.30p . we have there and 2z/ + 2 = m is 

too big to be controlled. Thus, we integrate with respect to a, h first: 


rn(a)rp(b) 
V V 


L 

p 


m—v—2 


c 


,m—3 


P‘ 




m—3 


/ r (i + 2by-‘' ^,,,^db\ 

\Jo (1 + by+i Vb) 


X 



(1 + da t 

Jo (1 + aj^+i i/a y 


^m-2 



F(A)dA. 


(4.33) 


Dehne, for t > 0, 


9{t) 




-v+l 



h±{t) 





so that for A > 0 



(1 + 20 )^^ ^ ^± 2 iaXr 

{l + ay+^ Va 


1 


h±{Xp), 


(4.34) 

(4.35) 


(4.36) 


and the like for g{Xfi). Then, with x±(r) = 1 being the characteristic function 
of ±r > 0, 


\ C{m) 


rjnarj^b 


^ ^ I pra-2-u 


2p" 


(L+(p, r) + L_(p, r))r™' ^M{r)dr, 


L±ip,r) = 


X±{r) 


^ixip-r) x^-^g(Xp) hy\r\X)F{X)dX. 


|r |2 ./o 

We have the following lemma. 

Lemma 4.5. Suppose that f G C'°°([0, 00 )) satisfies 

|/«i(6)l < Qr«+‘> i = o,i,... 


(4.37) 

(4.38) 


(4.39) 


Let 


h±{t) = 




Then, h±{t) is C°° for t > 0 and satisfies the following properties. 


(1) h±{x) = h-i-(l/a;) is of class C°°([0,1]), hence the limit limi_j.oo h±(f) = 
Cm exists and for t > 1, \h^±{t)\ < Cjt~^~^, j = 1, 2,.... 
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(2) For 0 < t < 1, \Ph^±{t)\ < Cj\/t < Cj, j = 0,1,.... 

Proof. We consider h+{t) only and omit the +-sign. The proof for h_(f) is 
similar. It is easy to see by differentiating nnder the sign of integration that 
h{t) is C°° for f > 0. We hrst consider the case t > 1. Splitting the interval 
of the integral, we write 

and hj{x) = hj{l/x), j = 0,1. It is obvions that hi{x) is C°° np to a; = 0. 
To see the same for h 2 {x), we perform integration by parts n times. Then, 

/ OO 

= (^) L-i+(^) 

(4.40) 

Here, Leibniz’s formnia implies 

and the bonndary term in fl4.40p 


j=0 \ V / 

is evidently C°°. Since dy{f^^\y)y^) is bonnded for any j, fc = 0,1,... and 

( n \ n 

j=0 ) j=0 

the integral in the right of fl4.40l) prodnces a fnnction which is of class 
(^"“^([0,1]). Since n is arbitrary, this proves (1). For proving (2), notice 
that if a(t) and /3(t) satisfy 

\Pa^^\t)\ < C,Vi, < Cj, J = 0,1,... (4.41) 

for 0 < f < 1, then, by Leibniz’ formnia 'jit) = a(t)/3(t) satishes 

\P'j^^\t)\ <CjVi, 0<t<l, j = 0,l,.... (4.42) 
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It is obvious that \/i satisfies fl4.42p and so does hi as 


hi{t) = Vt 





db 

Vb 


is an entire function times y/t. 


, dh 


(4.43) 


(4.44) 


We show for 0 < t < 1 that < Cn, n = 1, 2,.... This will follow 

from 

0<f<l, n = 0,l,... (4.45) 

by virtue of Leibniz’ formula = X]fe=o integration 

by parts we have 


f°° db 

= g(-ir+'S 2 + lY e‘‘\mb-iY">db. 


The boundary term is a polynomial of t and the integral is n times continu¬ 
ously differentiable and a fortiori (f"'K(t))*^"') < C for 0 < t < 1. □ 

Lemma 4.6. Suppose that g{t) and h±{t) are functions oft > 0 of class C°° 
and they satisfy following properties replacing f: 


(a) The limit f (t) exists. 


(b) i«v“>(<)i < cT ())• 


l<f, j = l,2,..., 
0 < f < 1, j = 0,1,.... 


Let a >0 be an integer and let L±{p,r) be defined by 


poo 

L±(p,r) = x±(r) / e^^^P-^^X'^g{Xp)h^{±rX)F{X)dX (4.46) 

Jo 

where F e (^“(M) be such that F{X) = 1 in a neighborhood o/A = 0. Then, 
L± is C°° with respect to p,r > 0 and, for a constant C > 0, 

\L±{p,r)\<C{p-r)-^^+^^ (4.47) 


35 





Proof. We prove the lemma for L+. The proof for L_ is similar. It is obvious 
that r) is bounded and we assume \p — r\ > 1. We apply integration 

by parts a + 1 times to 

By Leibniz’ rule the derivatives of X'^g{Xp)h-{rX)F{X) of order k is a linear 
combination of 

X^-^-^-'^{Xpfg^^\Xp) {r^X)h^2'’ {rX)F^^^ (A) (4.48) 

over {a, (3,^,6) such that a + (3 + ■j + S = k and a < a. This converges 
to 0 as A —)■ 0 if K < (T. It follows that no boundary terms appear and 
(p — ry~^^L{p,r) is a linear combination over {a, (3,^,6) such that a + (3 + 
■y + 6 = a + 1 and a < cr of 

poo 

IagYiP^r)= / F^P-^^^X^-^pf^g^^\Xp)r"<h^2\rX)F^^\X)dX. 

Jo 

It suffices to show that la/sYiPY) is bounded. If 5 7 ^ 0, then cq < A < ci 
for constants 0 < cq < Ci < 00 when F^^'> (A) 7 ^ 0, and Lemma 14.51 implies 
|(Ap)^p(^)(Ap)(rA)^hL^^(rA)F('5)(A)| < C and 

W(p,r)<|.| C [ ' A"-“-^-^dA < C, if 5 ^ 0 . 

JcQ 

Thus, we assume 5 = 0 in what follows. We may also assume 0 < r < p < cxd 
by symmetry. We split the region of integration into three intervals: 

(0, cx)) = (0,1/p) U [1/p, 1/r] U (1/r, cx)) 

and denote the integral over these intervals by Ji, I 2 and I 3 in this order so 
that lag^iP^ r) = h + I 2 + h- 

( 1 ) IfO < A < 1/p, we have 0 < rA < pA < 1 and 

(pA)^p(^)(pA)<|. I C^/^, {rXyhJ2^ (rA)<|., C^f2x 
It follows that 

h<\.\C ^XdX = < C (4.49) 

( 2 ) If 1/p < A < 1/r, we have 0 < rA < 1 < pA and we estimate as 

(a) p(pA)|<|.|C, (rA)V^^(rA)<|.|CV^ if/? = 0, 7 7 ^ 0. 


36 



if /3 7 ^ 0 , 7 = 0 . 
if /3 ^ 0 , 7 ^ 0 . 


( 6 ) {p\fg^^\p\) < C, /i_(rA)<|.| CV^, 

(c) (pA)V^)(pA)<|.|C', (rAr/^L"^(rA)<|.|C'^4^, 

In all cases, we have a — a — /9 — 7 = —1 and 

A'"-“-^-'^(Ap)^^(^)(Ap)(r^A)hL^)(rA)<|.| A-^x/f. 


It follows that 

h<\.\C 


[ ' A'^v^dA = ^ < 2C. (4.50) 

hjp \Vr 


(3) Finally if 1 < rA < pA, then we likewise estimate 

r A-HrA)-^ 

A-'|(Ap)^p(^)(Ap)(r^A)hL^)(rA)|C' A-i(pA)-i, 

t A-l(pA)-HrA)-^ 

The right hand side is all bounded by Cr~^X~‘^ and 

poo 

/ 3 <|.|C / X-\-^dX = C. 


if = 0 , 7 7 ^ 0 
if /3 ^ 0 , 7 = 0 , 
if /3,7 7 ^ 0 . 


Ijr 


This completes the proof. □ 

Now we can prove the following proposition. 

Proposition 4.7. Let m > 6 . Then, for 1 <p < m/{m — 1), we have 

\\Z^f'''''^u\\p<Cp\\u\\p. (4.51) 


Proof. We write M(r) for Mv(j,*u as previously. By virtue of fl4.37p and fl4.6p . 
we see that is bounded by a constant times 

'}fC\\V4,\\, r-' dfj’ 

and Lemma 14.61 implies that the sum of is bounded by 

^(/ (4.52) 

Dehne n = — m + |. Then, 0 < k < 3/2 for 1 < p < 2(m — l)/(2m — 5) 

and 


p^{p-r)-^^-^^\r\^-i < C{p-r)-^'^-^-^\r)^\r\^-i 
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(4.53) 



for r 

\ / o N m —1 

1 “(th.—3—k) 1 ^ p 1 

for r 


< C 


Here m — 3 — n > 1 and (r) ^ is integrable on M if m > 6. Thus, 

Lemma 14.21 implies that 


|r’”-2M(r)|^’dr +C[ |M(r)|^’|r|™-Mr 

V2|r|<l / \4|r|>l 

< C'dlV’llaT ||^||i)||m|Ip, (4.54) 

for any a > m — |. This completes the proof. Actually, the proof shows that 
fl4.52p holds for p such that 1 < p < 2(m — l)/(2m — 5). □ 

4.2 Estimate of ||Zsm||p for m/3 < p < m/2 

We prove in this section that < C'||m||p for p such that m/3 < p < m/2 

for even m > 6. It suffices to show that satishes fld.lOp for 0 < j, k < u. 
We prove this by virtually repeating the argument used for proving Lemma 
13.171 for odd dimensions modulo the superpositions. Let j > 1 hrst. Then, 
we split as in fl3.62p as 




, , . (4^0)(a:-2/)Q,t(|2/|)/ 

+ / ) -TTTWW- dy 

'hl<i Ay\>'^ 


(4.55) 


|y |m— 2—fc 

and estimate the integrals over \y\ < 1 and \y\ > 1 separately. We write 
Q'jk (p) follows as in fl3.63p and apply integration by parts in a way similar 
to the one used in fl3.64p to see that 


, ^ /-oo A^+^-iF(A)e-"(^+^^)^arM-^(^^M-)(A)} 

' 'io {-zy+^{l + 2 ay+^ 


(4.56) 


f>^-\ P>1, 


<M 


/=o 

c{i + 2 hy-^ 

(1 + 2a)J+2 


ATH(r^M“)((l + 26)p) x 


1, p<l. 


(4.57) 


where ^jki = (A-^"*"^ ^F)^^b We change variable and use Lemma 13.11 for the 
Ap weight m/3 < p < m/2 to obtain 


I \{Mn{r^My}{{l + 2b)p)\P.p^-^-^Pdpj 


\ i/p 
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< ^(1 + 2 bf-l^ 


\M'^(p)\Pp^-^dp 


i/p 


< ^(1 + 2a)^(l + 2bf-^\\V'ip\\i\\u 


1- 


(4.58) 


Since m — 2 — k — {j — 1)>2 for A; + j < m — 2, it follows by using fl4.57p 
that 


{V4>){x-y)Q%\\y\) 


\m—2—k 


(1 + 2 by-^ 


dy 


<c\\vy\\, 


IQ.tWI' V’’'’ 

rP dp 






<C\\V^ 


'(l + 2a)i+2 ^ 


\{M'H{r^My}{{l + 2b)p)\Pp^-^-^Pdp 


<c\m\ ^J \\vmMp. 

(1 + 2b) p 


i/p 


(4.59) 


For the integral over \y\ < 1, we hrst estimate it via Holder’s inequality 

\{vmx-y)Q;t{\y\)\^ 

- \y\m-k -2 - dy 

^ff \{V(j,){x-y)ydy V^^' ( f 
~ V4i<i J \J\y\<i 


Qt{\y\) 


'jk 


\y? 


\ J-/P 


dyj 


(4.60) 



We then use fl4.57p for the case p < 1 to estimate the second factor by 

(/' + 2 b)p)yp-^-^^dp^ 

(1 + 26)'-^+^-' 

< r^llill^llp- (4.61) 

(1 + 2 aY p 

We apply Minkowski’s inequality to fl4.6Up . Since p' < p and p'{m — 4) < m, 
04.61 p then implies 



\{vmx-y)Qti\y\)\ 

|^|m—fc—2 


dy 


(l + 2a)?-^-' 

(1 + 2b) p 

(4.62) 


Combining 04.59p and 04.62p and noticing that fl + 2a) p ^ ^(1 + 26)-^’''^ p is 
summable with respect to we obtain for all 1 < j < z/ and 0 < k < u 


that 


Wz^’-Mr < C\\Vi,U\\V4,\U + l|r.#.t)||ti||,. (4,63) 
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When j = 0, in parallel with fl3.65p we have 

?iyi r°° _ __ 

= (11 2ay I ^'■e“(‘+“><’7^(M“)(A)F(A)dA (4.64) 

<1.1 ^(1 + 2a)-^M(M^){{l + 2b)p). (4.65) 

Then, change of variables, Lemma [3. II for the Ap weight for rn/?) < 

p < m/2 and Hardy’s inequality imply 


Qotip) 




i/p 


p^-^dp 


< c 


(1 + 2b) 


2-Sl 
P 


-2 


< c 


(l + 2a)f 

(1 + 26)^“^ \Jo 




(l + 2a)2 
\ i/p 

\M{r)\Pdr\ 




\M<^{r)\Pdpj 


\ i/p 




We then repeat the argument of the last part of the proof for the case j > 1, 
using that m — 2 — k > 2. This yields 


\{Vct>){x-y)Q^^tm\ 


\y\ 


m—k—2 


dy 


fl + 2a')p"" 

< C y J^-2 i\\V<Ph + \\V<P\\p)\\VmMp. (4.66) 
(1 + 2 b) p 


Here — — 2 — 2z/<—1. It follows that 

p 


l|zy«r < Ciwv^i + ||r.).||,)||\/v<|li||'«||p, k = o,...,p. 

This completes the proof of the desired 

||Zsm||p < C||m||p, m/3 < p < m/2. (4.67) 


4.3 Estimate of Ziog 

We still have to prove 

||^iogw||p < C'pll'ullp, 1 < p < m/2, m>6 is even. (4.68) 

This can be done by modifying the argument for Zg of the previous subsec¬ 
tions and we explain here how to do it. We do it when m = 6 as other cases 
are simpler. By virtue of 02.211) . it suffices to prove 04. ip for 

= - / Go(A)HA“+i(logA)^Zl„,^(Go(A) - Go(-A))F(A)dA (4.69) 
^ Jo 
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when a = 0,1 and /9 = 1, 2 and VD^^p is given by fl2.18p . The operator with 
the strongest singularity with respect to A is the one with (a, (3) = (0, 2) and 
we deal with that operator only, omitting the suffix a, jS from Inserting 

fl2.18p for Id-Do,2 will produce 2 d number of operators and we prove any of 
them satisfies fl4.68p . which we still denote by 

• poo 

Zyo^u=- / Go(A)|0)(^|(Go(A)-Go(-A))A(logA)2D(A)dA. (4.70) 

^ Jo 

It is important to recall that 0, "0 satisfy 0,0 G fl The argument 

at the beginning of Section 4 shows that Ziog is the sum of 0 < j,k < u 

which are defined by the second member of fl4.6p with following changes: 

(1) Change 1/0 in fl4.6p and 1/0 inside M(r) by 0 and 0 of (12.181) respec¬ 
tively. 

(2) Change or A^ in the definition (14.3p or (14.4p of by 

AD^+i(logA)^ or A^+^(log A)^ respectively. 

Then, we can check the following: 

(1) Lemma 14.31 holds with in place of for all 0 < j,k < u 

such that {j,k) 0 hence, a fortiori, so does Lemma 14.41 This 

is because (a) the conjugate Fourier transforms of derivatives of order 
up to /c -I- 1 of AD^+i(log A)^D(A) for j > 1 or of A*'+^(log A)^D(A) 
which will appear in the integration by parts formula corresponding 
to (I4.12P for j > 1 or (I4.19p have symmetric decreasing integrable 
majorants, which is sufficient for obtaining (14.131) or (14.191) and because 
(b) 0,0 G n .L®(M®), which is sufficient to obtain Lemma 14.21 and, 
e.g. (I4.24P and (I4.26p . 

(2) Proposition 14.71 holds with Z^^^^ in place of To see this, we 

hrst remark that in the equation corresponding to (14.291) the conju¬ 
gate Fourier transforms of the derivatives of A^'^'''^(log A)^D(A) upto 
the order z/ have symmetric decreasing integrable majorants. This and 
0,0 G n implies (I4.31|) for the operators corresponding to 

Ziog- We then need study the operator (I4.33p with A™'“^(log A)^ in place 
of A*""^ (recall we are assuming m = 6). By this change A*""^ in (I4.38p 
is replaced by A™’“^(log A)^. If we change A®" by A‘^(log)^ in the dehni- 
tion (14.461) of L±{p,r), then the conclusion (14.471) holds with {p — 

in place of {p — Thus, we have in the estimates corresponding 

(I4.52P and (I4.53p the faster decaying factor {p — in place of 

{p ~ This produces (14.541) and we obtain Proposition 14.71 for 

^log • 
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(3) With the modihcation as in (1) above, fl4.68p for m/3 < p < m/2 may 
be proved by repeating the argument of Section 4.2 with almost no 
changes. 
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